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Conventional wisdom had long held that a composite particle behaves just like an ordinary Newto-
nian particle. In this paper, we derive the effective dynamics of a type-I Wigner crystal of composite
particles directly from its microscopic wave function. It indicates that the composite particles are
subjected to a Berry curvature in the momentum space as well as an emergent dissipationless
viscosity. Therefore, contrary to the general belief, composite particles follow the more general
Sundaram-Niu dynamics instead of the ordinary Newtonian one. We show that the presence of
the Berry curvature is an inevitable feature for a dynamics consistent with the dipole picture of
composite particles and Kohn’s theorem. Based on the dynamics, we determine the dispersions of
magneto-phonon excitations numerically. We find an emergent magneto-roton mode which signifies
the composite-particle nature of the Wigner crystal. It occurs at frequencies much lower than the
magnetic cyclotron frequency and has a vanishing oscillator strength in the long wavelength limit.
PACS numbers: 73.43.Lp, 71.10.Pm, 67.80.de
I. INTRODUCTION
In a two-dimensional electron gas (2DEG) subjected to
a strong magnetic field, electrons are forced into Landau
levels with the kinetic energy quenched. The dominating
electron-electron interaction induces various correlated
ground states. The most celebrated of these states is the
fractional quantum Hall (FQH) liquid which occurs in the
vicinity of a set of magnetic filling factors of rational frac-
tions [1]. Interestingly, even though the system is domi-
nated by the electron-electron interaction, its physics can
be well described in a hidden Hilbert space by a set of
weakly interacting composite fermions (bosons) that are
bound states of an electron with an even (odd) number
of quantum vortices, as suggested by the theory of com-
posite fermions (CFs) [1, 2]. In the theory, a FQH state
is interpreted as an integer quantum Hall state of CFs.
The theory achieves great successes. For instance, the
ground state wave functions prescribed by the CF the-
ory for the FQH states achieve high overlaps with those
determined from exact diagonalizations [1], and the pre-
dictions based on an intuitive picture of non-interacting
CFs are verified in various experiments [3]. The theory
can even be applied to more exotic situations such as the
half-filling case which is interpreted as a Fermi liquid of
CFs [4, 51], and the 5/2-filling case which is interpreted
as a p-wave pairing state of CFs [6]. In effect, for every
known state of electrons, one could envision a counter-
part for CFs.
It is natural to envision that CFs may form a Wigner
crystal (WC). Electrons form a Wigner crystal at suf-
ficiently low density when the electron-electron interac-
tion dominates over the kinetic energy [7]. In the pres-
ence of a strong external magnetic field, the kinetic en-
ergy is completely quenched and electrons should have
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a tendency to form a crystalline phase. However, in
2DEG, the tendency is preempted by the more stable
FQH states when the filling factor is close to special frac-
tions such as 1/3 and 2/5. Nevertheless, a WC could
be stabilized when the filling factor deviates from these
fractions. Theoretical studies suggest that the WC of
composite particles (CPWC), i.e., a WC consisting not of
electrons but composite fermions or bosons, could be sta-
bilized [8]. More specifically, either a type-I CPWC [8, 9],
in which all composite particles (CPs) are frozen, or a
type-II CPWC [10], which lives on top of a FQH state
and only freezes CFs excessive for the filling fraction of
the FQH state, could be energetically favored over the
ordinary electron WC [8, 11–15]. Experimentally, there
had accumulated a large number of evidences indicating
the formations of WCs in 2DEG systems, although these
experiments, either detecting the microwave resonances
of disorder pinning modes [16–24] or measuring transport
behaviors [24–31], cannot unambiguously distinguish a
CPWC from its ordinary electron counterpart.
A possible way to distinguish a CPWC from its or-
dinary electron counterpart is to examine its low energy
phonon excitation. The phonon excitation of an ordinary
WC had been thoroughly investigated [32–34]. It consists
of a low-frequency branch and a magneto-plasmon mode
that occurs near the magnetic cyclotron frequency. More-
over, Kohn’s theorem asserts that the magnetic cyclotron
mode exhausts all the spectral weight in the long wave-
length limit [35, 51]. For a CPWC, in analog to the or-
dinary WC, one would expect that its phonon excitation
also consists of two branches. However, similar to the
magneto-roton mode arisen in FQH liquids [36], its high-
frequency branch must be an emergent mode originated
purely from the electron-electron interaction, irrelevant
to the cyclotron resonance because all excitations of CPs
are limited within a partially filled Landau level. To be
consistent with Kohn’s theorem, the mode must have a
vanishing oscillator strength in the long wavelength limit.
These features of the emergent mode make it unique. An
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2experimental probe of the mode would provide an unam-
biguous evidence for the CP nature of an observed WC
phase.
To determine the low-energy phonon excitation of a
CPWC, it is necessary to understand the dynamics of
CPs. Unfortunately, up to now, the true nature of the CP
dynamics is yet to be fully clarified. Existing theories are
based on a heuristic approach assuming that CPs follow
the ordinary dynamics characterized by an effective mass
and an effective magnetic field [37–39]. The assumption
is in accordance with the conventional wisdom that a CP
behaves just like an ordinary Newtonian particle, as im-
plied in either the Halperin-Lee-Read theory of composite
Fermi-liquids [4] or López-Fradkin’s construction of the
Chern-Simons field theory for FQH states [40]. However,
the validity of the assumption is questionable. An in-
dication of that is the violation of Kohn’s theorem: the
heuristic approach would predict a new cyclotron mode
corresponding to the effective mass and magnetic field. It
hints that the CP dynamics adopted by the heuristic ap-
proach cannot be the correct one. Actually, even for elec-
trons in a solid, the dynamics in general has a symplectic
form (Sundaram-Niu dynamics) in which Berry curvature
corrections emerge as a result of the coupling between
orbital and internal degrees of freedom (e.g., spin-orbit
coupling, SOC) [41, 42]. It was also found that the lattice
dynamics of a magnetic solid with a strong SOC is sub-
jected to an emergent gauge field [43] which gives rise to
a dissipationless viscosity [44]. For the case of the CPs,
although the SOC is irrelevant, their orbital motions are
nevertheless entangled with internal degrees of freedom
in a strongly correlated ground state. It is reasonable
to expect that the entanglement would serve as an effec-
tive SOC and give rise to Berry curvature corrections to
the dynamics of CPs. Recently, Son also questions the
validity of the assumption by noting inconsistencies in
the conventional Halperin-Lee-Read theory of CF Fermi
liquids, and hypothesizes that a CF could be a Dirac par-
ticle [45, 46]. A Dirac particle would follow a dynamics
subjected to a Berry curvature in the momentum space
with a singular distribution.
We believe that a concrete answer to the question
should be a derivation of the CP dynamics directly from
microscopic wave functions. The theory of CFs, as de-
tailed in Ref. [1], is not only an intuitive picture for
describing FQH states, but also a systematic way for
constructing ground state wave functions as well as the
Hilbert space of low-lying excitations. These informa-
tions are sufficient for an unambiguously determination
of the dynamics. Conversely, a proposal on the nature
of CFs should have an implication on how the micro-
scopic states would be constructed. Unfortunately, the
correspondence between the microscopic states and the
dynamics is rarely explicitly demonstrated in literatures.
A rare example of the correspondence can be found in
the dipole picture of CFs [47], which is based on the mi-
croscopic Rezayi-Read wave function for a CF liquid [48].
However, even in this case, an explicit form of the dynam-
ics had never been properly formulated (see Sec. III B).
In this paper, we derive the effective dynamics of CPs
directly from microscopic wave functions. The deriva-
tion is based on the time-dependent variational princi-
ple [49]. We focus on the type-I CPWC, which is rel-
atively simple without unnecessary obscuring complexi-
ties. Based on the dynamics, we conclude that a CP, at
least in the CPWC phase, is neither an ordinary Newto-
nian particle nor a Dirac particle, but a particle subjected
to Berry curvature corrections, and follows the more gen-
eral Sundaram-Niu dynamics. We further show that the
CP dynamics is consistent with the dipole picture of
CFs as well as Kohn’s theorem. We carry out numer-
ical simulations to quantitatively determine the disper-
sions of phonons. We find an emergent magneto-roton
mode which signifies the CP nature of a WC. The mode
occurs at frequencies much lower than the magnetic cy-
clotron frequency, and has a vanishing oscillator strength
in the long wavelength limit, consistent with Kohn’s theo-
rem. The quantitative results will be useful for future ex-
perimental probes of the emergent magneto-roton mode,
which would unambiguously distinguish a CPWC from
its ordinary electron counterpart.
The remainder of the paper is organized as follows. In
Sec. II, we derive the CP dynamics from the microscopic
wave function of the CPWC phase. In Sec. III, we ana-
lyze CP pictures emerged from the dynamics. In Sec. IV,
we carry out the numerical simulations based on the for-
malism, and present quantitative results for the disper-
sions of the phonon excitations. Finally, Sec. V contains
concluding remarks.
II. CP DYNAMICS IN A CPWC
A. CPWC wave function
The theory of CFs prescribes an ansatz for construct-
ing the wave functions of the ground state and low-lying
excited states of a CF system. A CF wave function is
derived from a Hartree-Fock wave function ΨHF , which
describes the quantum state of a collection of weakly in-
teracting particles in a fictitious (hidden) Hilbert space.
The CF wave function is obtained by a transformation
from ΨHF [1, 2]:
Ψ ({ri}) = PˆLLLJΨHF ({ri}) , (1)
where PˆLLL denotes the projection to the lowest Landau
level (LLL), and
J =
∏
i<j
(zi − zj)m , (2)
is the Bijl-Jastrow factor which binds an integer number
of m quantum vortices to each of electrons, zi = xi + iyi
with ri ≡ (xi, yi) being the coordinate of an electron [50].
Equation (1) maps a state in the conventional Landau-
Fermi paradigm to a CF state. Using different Landau-
Fermi states and following the ansatz, it is possible to
3construct a whole array of CF wave functions corre-
sponded to various states observed in 2DEG. For in-
stance, a set of filled Landau levels is mapped to a FQH
state [1], a Fermi liquid to a CF Fermi liquid [4, 51], a
p-wave superconductor to the Moore-Read state [6].
For the ground state of a type-I CPWC, ΨHF is chosen
to be [8]:
ΨHF ({ri}) = Aˆ
∏
i
φR0i (ri), (3)
where φR0i (ri) ∝ exp[−(ri−R0i )2/4l2B−i(zˆ×ri)·R0i /2l2B ]
is the wave function of a LLL coherent state centering at
R0i [32],
{
R0i , i = 1 . . . N
}
forms a two-dimensional tri-
angular lattice, Aˆ denotes the (anti-) symmetrization of
the wave function, and lB ≡
√
~/eB is the magnetic
length for the external magnetic field B. We note that
ΨHF is actually a trial wave function for an ordinary
electron WC in the LLL [32]. The mapping of Eq. (1)
transforms it to a trial wave function for the CPWC with
a variational parameter m. Different from the usual CF
wave functions, m for a CPWC wave function can be
even (CF) or odd (composite boson). This is because
electrons in a CPWC are spatially localized and not sen-
sitive to the exchange symmetry. Extensive numerical
simulations based on the trial wave function had been
carried out in Ref. [8]. It shows that a type-I CPWC
is indeed energetically favored over the ordinary electron
WC.
The low-lying excited states can be constructed by
modifying ΨHF . An apparent modification is to replace{
R0i
}
with
{
Ri ≡ R0i + ui
}
which introduces deviations
of the particles from their equilibrium positions. An-
other physically motivated modification is to introduce
a momentum for each particle. This can be achieved by
replacing φR(r) with φR(r) exp(ik · r), as apparent for
a localized wave packet with a momentum p = ~k. We
note that the similar approach is also adopted in con-
structing Rezayi-Read’s wave function for a CF Fermi
liquid [48] as well as in Girvin-MacDonald-Platzman the-
ory of magneto-roton in FQH liquids [36]. The modifi-
cations result in a wave-function parameterized in {Ri}
and {ki}:
Ψ ({ri}) ∝ APˆLLL
∏
i<j
(zi − zj)m
∏
i
φRi(ri)e
iki·ri , (4)
which specifies a sub-manifold in the Hilbert space. We
assume that the ground state and low-lying phononic
excited states of a CPWC completely lie in the sub-
manifold.
Following the standard procedure of applying the pro-
jection to the LLL [1], we obtain the explicit form of the
wave function (4):
Ψ ({ri}) ∝ A
∏
i<j
(zi + ikil
2
B − zj − ikj l2B)m
∏
i
φRi(ri),
(5)
where ki ≡ kxi + ikyi, and we have made a substitution
Ri+kil
2
B×zˆ → Ri, and dropped irrelevant normalization
and phase factors. We will base our derivation of the CP
dynamics on the ansatz wave function Eq. (5).
The physical meaning of the momentum ~ki becomes
apparent in Eq. (5). It shifts zi in the Bijl-Jastrow factor
to zvi ≡ zi+ ikil2B . One could interpret zvi as the position
of quantum vortices binding with i-th electron. The mo-
mentum is actually the spatial separation of the electron
and the quantum vortices in a CP. This is exactly the
dipole picture of CFs proposed by Read [47]. We note
that the momentum degrees of freedom only present in
systems with m 6= 0. For an ordinary WC with m = 0,
the momentums have no effect to the wave function ex-
cept introducing a re-parametrization to {Ri}. There-
fore, the momentums are emergent degrees of a CP sys-
tem.
When adopting the ansatz wave function Eq. (5), we
basically assume that the CPWC state belongs to the
same paradigm as that for FQH states. Viewed from
the new CF paradigm, the modifications introduced in
Eq. (5) are well motivated in physics, notwithstanding its
highly nontrivial form. The paradigm of CFs, which dic-
tates how the ground state and low-lying excited states
are constructed, had been extensively tested in literatures
for FQH states and others [1]. It is reasonable to believe
that the CPWC also fits in with the paradigm. This can
be tested by comparing the wave-functions generated by
the ansatz with those obtained by diagonalizing micro-
scopic Hamiltonians. In this paper, we will not carry out
the test. Instead, we will focus on an immediate ques-
tion, i.e., had one adopted the paradigm per se, what
would be the dynamics?
It can be shown that our ansatz wave-function ap-
proach is equivalent to a CF diagonalization [1] (see
Sec. II C and IID). The equivalence could serve as a
justification for our approach. Our approach is advan-
tageous in the sense that it provides direct knowledge
of the dynamics of CPs, whereas the CF diagonalization
technique provides an efficient machinery for systemati-
cally improving calculations but little information about
the dynamics.
B. Derivation of the CP dynamics
To determine the dynamics of CPs in a CPWC, we em-
ploy the time-dependent variational principle of quantum
mechanics. It minimizes an action S ≡ ∫ tf
ti
Ldt with the
Lagrangian [49]:
L =
i~
2
〈
Ψ
∣∣∣Ψ˙〉− 〈 Ψ˙∣∣∣Ψ〉
〈Ψ |Ψ 〉 − Vee, (6)
where we assume that the wave function depends
on the time through its parameters {Ri,ki}, Vee ≡
〈Ψ|Vˆee|Ψ〉/ 〈Ψ |Ψ 〉 is the expectation value of the
4electron-electron interaction Vˆee, and the kinetic part
of the microscopic Hamiltonian of the system is ignored
since it is quenched in the LLL. A minimization of the ac-
tion will result in a semi-classical equation of motion [41].
Alternatively, one could interpret the action as the one
determining the path integral amplitude of a quantum
evolution in the sub-manifold of the Hilbert space [52].
The two interpretations are corresponding to the classical
and quantum version of the same dynamics, respectively.
We proceed to determine the explicit form of the La-
grangian. The Lagrangian can be expanded as
L =
∑
i
(Aui · u˙i +Aki · k˙i)− Vee, (7)
where Aui and Aki are Berry connections in the pa-
rameter space, Aui = −~Im 〈Ψ |∂Ψ/∂ui 〉 / 〈Ψ |Ψ 〉 and
Aki = −~Im 〈Ψ |∂Ψ/∂ki 〉 / 〈Ψ |Ψ 〉, respectively. By us-
ing Eq. (5), it is straightforward to obtain:
Aui = −
~
2l2B
〈rˆi〉 × zˆ, (8)
Aki = −m~l2B
〈∑
j 6=i
ri − rj + zˆ × (ki − kj)l2B
|ri − rj + zˆ × (ki − kj) l2B |2
〉
,
(9)
where 〈. . . 〉 ≡ 〈Ψ |. . . |Ψ〉 / 〈Ψ |Ψ 〉, and we ignore the
anti-symmetrization in the wave function Eq. (4). The
anti-symmetrization can be re-impose when formulating
the quantum version of the dynamics. For the case of
CPWCs, the effect due to the non-distinguishability of
electrons turns out to be negligible [8].
The Berry connections could be simplified. We make
use the identity:
∇ri |Ψ|2 = −
ri −Ri
l2B
|Ψ|2
+ 2m
∑
j 6=i
ri − rj + zˆ × (ki − kj)l2B
|ri − rj + zˆ × (ki − kj) l2B |2
|Ψ|2 . (10)
Substituting Eq. (10) into (9), we obtain,
Aki = −
~
2
(〈
ξˆi
〉
− ui
)
, (11)
where ξˆi ≡ rˆi −R0i . The Berry connections can then be
expressed as:
Aui = −
~
2l2B
xi × zˆ + ~ki
2
, (12)
Aki = −
~
2
(
xi − ui + ki × zˆl2B
)
, (13)
where xi ≡
〈
ξˆi
〉
−ki× zˆl2B , zˆ is the unit normal vector of
the 2DEG plane . We note that xi is the average position
(relative to R0i ) of the quantum vortices binding with i-
th electron, which is displaced from the electron position
〈ξˆi〉 by a vector −ki×zˆl2B , according to the wave function
Eq. (5).
We adopt {xi,pi ≡ ~ki} as the set of dynamic vari-
ables, and interpret xi and pi as the position and mo-
mentum of a CP, respectively. To express the Lagrangian
in {xi,pi}, it is necessary to relate the dynamic variables
with the original set of parameters. We assume that both
xi and pi are small in a CPWC, and expand the La-
grangian to the second order of the dynamic variables.
For the purpose, we expand xi to the linear order of the
original parameters:
xiα ≈
∑
jβ
Aiα,jβujβ +Biα,jβkjβ , (14)
and,
Aiα,jβ ≡ ∂ 〈xˆiα〉
∂ujβ
∣∣∣∣
0
=
1
l2B
〈
ξˆiαξˆjβ
〉
0
, (15)
Biα,jβ ≡ ∂ 〈xˆiα〉
∂kjβ
∣∣∣∣
0
= −l2Bαβδij
+
〈
ξˆiα
2ml2B ∑
l 6=j,γ
βγ
rjγ − rlγ
|rj − rl|2
〉
0
, (16)
where α (β) = x, y indexes the component of the coordi-
nate, 〈. . . 〉0 denotes the expectation value in the ground
state Ψ0 ≡ Ψ|ui,ki→0, and αβ is the two-dimensional
Levi-Civita symbol. Making use the identity Eq. (10),
we obtain:
Biα,jβ = −l2BAiα,jγγβ . (17)
Substituting (15) and (17) into (14), we obtain:
xiα =
∑
jβ
Aiα,jβ
(
uj − kj × zˆl2
)
β
, (18)
Similarly, Vee is expanded to the second order of the
dynamic variables:
Vee ≈ 1
2
∑
iα,jβ
Dxxiα,jβxiαxjβ + 2D
px
iα,jβpiαxjβ
+Dppiα,jβpiαpjβ . (19)
The coefficients can be related to correlation functions
(see Appendix A):
Dxxiα,jβ =
1
l4B
∑
γδ
〈(
Vˆee − V¯ee
)
ξˆlγ ξˆmδ
〉
0
× [A−1]
iα,lγ
[
A−1
]
mδ,jβ
, (20)
Dpxiα,jβ = −
1
~
∑
γδ
αγ
〈
∂Vˆee
∂riγ
ξˆlδ
〉
0
[
A−1
]
lδ,jβ
, (21)
Dppiα,jβ =
l4B
~2
∑
γδ
αγβδ
〈
∂2Vˆee
∂riγ∂rjδ
〉
0
, (22)
5where
[
A−1
]
denotes the inverse of a matrix with ele-
ments [A]iα,jβ = Aiα,jβ , and V¯ee ≡ 〈Vˆee〉0.
Substituting Eqs. (12, 13, 18, 19) into Eq. (7), we
can determine the explicit form of the Lagrangian. Be-
cause of the translational symmetry, it is convenient to
express the Lagrangian in the Fourier transformed dy-
namic variables x(q) ≡ 1/√N∑i xi exp (−iq ·R0i ) and
p(q) ≡ 1/√N∑i pi exp (−iq ·R0i ), where q is a wave
vector defined in the Brillouin zone for a triangular lat-
tice. The Lagrangian can be decomposed into L =
∑
q Lq
with:
Lq =
eBe(q)
2
(zˆ × x∗(q))·x˙(q)+ 1
2eB
(zˆ × p∗(q))·p˙(q)
+ p∗(q) · x˙(q)− 1
2
[
x(q)
p(q)
]†
D(q)
[
x(q)
p(q)
]
, (23)
where Be(q) is determined by,
Be(q) =
B
2
TrA−1(q), (24)
with A−1(q) being the inverse of a 2 × 2 matrix with
elements Aαβ(q) =
∑
R0i
Aiα,0β exp(−iq ·R0i ), and
D(q) =
[ Dxx(q) Dpx(q)
Dpx(q) Dpp(q)
]
, (25)
with Dxx(q), Dpx(q), and Dpp(q) being the Fourier
transforms of Dxx, Dpx, and Dpp, respectively.
The equation of motion of a type-I CPWC is:[
eBe(q)zˆ× I
−I 1eB zˆ×
] [
x˙(q)
p˙(q)
]
= −D(q)
[
x(q)
p(q)
]
, (26)
which is the main result of this paper. Interpretations of
the dynamics and its implications to the nature of CPs
will be discussed in Sec. III.
C. Quantization of the effective dynamics
The dynamics Eq. (26) could be quantized. The result-
ing quantum dynamics describes the quantum evolution
of the system in the sub-manifold of the Hilbert space
specified by the wave function Eq. (5). A general scheme
of the quantization had been discussed in Ref. [52]. Basi-
cally, the non-canonical kinematic matrix in the left hand
side of Eq. (26) gives rise to non-commutativity between
the dynamic variables:[
[x†(q),x(q)] [x†(q),p(q)]
[p†(q),x(q)] [p†(q),p(q)]
]
= i~
[
eBe(q)ˆ −I
I 1eB ˆ
]−1
,
(27)
where ˆ is the 2 × 2 anti-symmetric matrix with [ˆ]αβ =
αβ . The system is governed by an effective hamiltonian
Hˆeff = Vee by upgrading the dynamic variables to quan-
tum operators.
The system can be transformed to a phonon represen-
tation by a procedure described in Ref. [43]. We solve
the generalized eigenvalue equation:
iωq
[ −eBe(q)ˆ I
−I − 1eB ˆ
]
ψq = D(q)ψq. (28)
The equation gives rise to two positive frequency solu-
tions and two negative frequency solutions, with eigen-
vectors related by complex conjugations [43]. The eigen-
vectors are normalized by ψ¯qψq = ±1, where ± is for the
positive and the negative frequency solution, respectively,
and
ψ¯q ≡ −iψ†q
[
eBe(q)ˆ −I
I 1eB ˆ
]
. (29)
The dynamic variables can then be expressed in
phonon creation and annihilation operators:[
x(q)
p(q)
]
=
∑
i∈+
ψ(i)q aqi + ψ
(i)∗
−q a
†
−qi, (30)
where the summation is over the two positive frequency
solutions, and aqi and a
†
qi are bosonic creation and anni-
hilation operators, respectively. One can verify that the
dynamic variables, expressed as Eq. (30), do recover the
commutation relation Eq. (27).
With the phonon representation, we define a coherent
state as the eigenstate of the annihilation operator:
aqi |φ〉 = φqi |φ〉 . (31)
In the the real space, the coherent state is interpreted as,
〈r |φ 〉 = Ψ(r;φ)〈Ψ0 |Ψ 〉 , (32)
where Ψ(r;φ) is the wave function Eq. (5) with the pa-
rameters substituted with values corresponding to:[
x(+)(q)
p(+)(q)
]
=
∑
i∈+
ψ(i)q φqi, (33)
where the superscript (+) indicates that the dy-
namic variables contain positive-frequency components
only [53], and the denominator is introduced to eliminate
the time-dependent factor of the ground-state component
in the wave-function [49].
For a given phonon state, the corresponding physical
wave function can be determined by [53]:
〈r |ϕ 〉 =
∫
dφdφ∗
2pii
e−|φ|
2 Ψ(r;φ)
〈Ψ0 |Ψ 〉ϕ(φ
∗). (34)
For the excited state with n phonons of the mode (q, i),
ϕ(φ∗) ∝ φ∗nqi , the corresponding physical wave function
is:
Ψn(r) ∝ ∂
n
∂φnqi
Ψ(r;φ)
〈Ψ0 |Ψ 〉
∣∣∣∣∣
φ→0
. (35)
6From Eq. (35), we conclude that a one-phonon state
must be a superposition of:
∂
∂u¯i
Ψ(r)
〈Ψ0 |Ψ 〉
∣∣∣∣
u¯,k→0
,
∂
∂ki
Ψ(r)
〈Ψ0 |Ψ 〉
∣∣∣∣
u¯,k→0
. (36)
They are corresponding to a set of many-body wave func-
tions:
PˆLLL(zi − Z0i )Ψ0, PˆLLL(z¯i − Z¯0i )Ψ0. (37)
One can construct a quantum solution of the phonon
excitation problem by directly diagonalizing the micro-
scopic hamiltonian in the truncated Hilbert space span
by the bases Eq. (37). The resulting eigenvalue equation,
after an appropriate basis transformation, is nothing but
the eigenvalue equation Eq. (28), with a modified dy-
namic matrix. The modification to the dynamic matrix
will derived in the next subsection.
D. Projected dynamic matrix
Before proceeding, we note a subtlety concerning the
quantum correspondence of the dynamics. In the deriva-
tion of the dynamics, we treat xi and pi as classical vari-
ables. However, when constructing the quantum coher-
ent states, we use only the positive-frequency components
of the dynamic variables, as shown in Eq. (33). The lat-
ter is necessary because the wave function 〈r |φ 〉 defined
in Eq. (32) should be a superposition of the ground state
and excited states: 〈r |φ 〉 ∼ Ψ0 +
∑
i exp(−i∆Eit)Ψi
with ∆Ei > 0, i.e., it only contains positive frequency
components in its time dependence. By assuming that
the wave function is a function of the positive frequency
components of the dynamic variables, we are able to ob-
tain a wave function consistent with the general require-
ment [53].
The consideration will introduce a modification to the
harmonic expansion of Vee. This is because the expan-
sion Eq. (19), which treats the dynamic variable as clas-
sical variables, includes terms that couple two positive
(negative)-frequency components of dynamic variables.
These terms induce spurious couplings between the pos-
itive and negative frequency components, and should be
dropped. On the other hand, one can show that kine-
matic part of the dynamics is not affected by the spurious
coupling.
To determine the modification, we note that our wave
function Eq. (5) depends only on the complex variables
u¯i ≡ uxi−iuyi and ki ≡ kxi+ikyi . Thus, u¯i and ki can be
chosen to be positive-frequency functions of the time, and
a proper harmonic expansion of Vee should only include
terms coupling {u¯i, ki} with their complex conjugates.
To this end, we expand Vee in terms of {u¯(q),k(q)}:
Vee ≈ 1
2
∑
q
[
u¯(q)
k(q)
]†
D˜(q)
[
u¯(q)
k(q)
]
, (38)
where D˜(q) is the dynamic matrix with respect to
{u(q),k(q)}. To get rid of the spurious coupling, we
introduce a projected dynamic matrix:
D˜P (q) = P˜+D˜(q)P˜+ + P˜ †−D˜(q)P˜−. (39)
with
P˜± =
[
1
2 (1∓ σ2) 0
0 12 (1± σ2)
]
, (40)
where σ2 is the second Pauli matrix.
Similarly, we can obtain a projected dynamic matrix
with respect to {x(q),p(q)} by a projection:
DP (q) = P †+(q)D(q)P+(q) + P †−(q)D(q)P−(q), (41)
with P± = U(q)P˜±U−1(q), where U(q) is the transfor-
mation matrix relating {u¯(q),k(q)} with {x(q),p(q)}:
[x(q),p(q)]T = U(q)[u(q),k(q)]T . We have:
P±(q) =
[
1
2
(
1∓A(q)σ2A−1(q)
) ∓iA(q)
0 12 (1± σ2)
]
. (42)
By substituting the dynamic matrix D(q) in Eq. (26)
and (28) with DP (q), one can show that the eigenvalue
equation becomes identical to that obtained from the CF
diagonalization with the bases Eq. (37).
III. INTERPRETATIONS OF THE CP
DYNAMICS
A. Sundaram-Niu dynamics of CPs
The CP dynamics, as shown in Eq. (26), is distinctly
different from the one adopted in the heuristic approach,
in which a CP is assumed to be an ordinary Newtonian
particle characterized by an effective mass and a mean-
field effective magnetic field [37–39]. Our CP dynamics
fits in with the form of the more general Sundaram-Niu
dynamics with Berry curvature corrections. An analy-
sis of these corrections would provide an insight to the
nature of CPs, as we will discuss in the following.
Firstly, CPs are subjected to an emergent gauge field
∆Be(q) ≡ B − Be(q). The emergent gauge field gives
rise to a dissipationless viscosity, which is a transverse
inter-particle force proportional to the relative velocity
between two particles [43, 44]:
F
(DV )
ij = e∆Be(R0i −R0j )zˆ × (x˙j − x˙i) , (43)
where ∆Be(R0) ≡
∫
BZ
d2q/(2pi)2∆Be(q) exp(iq · R0).
In ordinary phonon systems, the dissipationless viscosity
could arise in the presence of a strong SOC and magneti-
zation. In CPWC, however, it is induced by the quantum
vortices attached in CPs, similar to the Chern-Simons
field emerged in FQH liquids [5, 40]. For the latter, one
7usually adopts a mean-field approximation that gives rise
to an effective magnetic field experienced by CPs. For
the CPWC, the mean-field approximation is equivalent
to keeping only the diagonal component of the emergent
gauge field
∆B ≡ ∆Be(0) = −
∑
R0i 6=0
∆Be(R0i ), (44)
and assuming that CPs experience an effective magnetic
field Beff = B −∆B. However, the mean field approx-
imation may not be appropriate for a CPWC since it
breaks the translational symmetry.
Secondly, CPs are subjected to a Berry curvature in
the momentum space with Ωz = 1/eB. This is a new
feature of the dynamics, not presented in the conven-
tional theory of CFs [4, 35]. The Berry curvature gives
rise to an anomalous velocity, which is well known for
electron dynamics in magnetic solids with a SOC, and is
linked to the (quantum) anomalous Hall effect [54, 55].
Here, the Berry curvature is not induced by the SOC, but
inherited from the Landau level hosting the particles. In-
deed, a Landau level, when casted to a magnetic Bloch
band, does have a uniformly distributed Berry curvature
in the momentum space with Ω(LL)z = −1/eB [56]. One
can show that the difference in the signs of Ωz and Ω
(LL)
z
is due to our assignment of the CP position to its con-
stituent quantum vortices (see Sec. III C and [57]). The
presence of a Berry curvature in the momentum space
clearly indicates that a CP is neither an ordinary Newto-
nian particle nor a Dirac particle. Interestingly, had the
Berry curvature survived in a half-filled CF Fermi liquid,
it would give rise to a pi Berry phase, the same as that
predicted by the Dirac theory [45].
Based on these discussions, we conclude that a CP is
a particle following the Sundaram-Niu dynamics.
B. Dipole interpretation
The interpretation is not necessarily unique. It de-
pends on the choice of dynamic variables and physi-
cal meanings one assigns to them. Had we interpreted
zˆ × pi/eB as the displacement from the electron to the
quantum vortices in a CP, as indicated by the wave func-
tion Eq. (5), we would obtain the dipole interpretation
of the dynamics [35, 47].
In the dipole interpretation, a CP is regarded as a
dipole consisting of an electron and a bundle of m quan-
tum vortices [35, 47]. The picture and its relation to the
usual position-momentum interpretation had been dis-
cussed in Ref. [47]. For the interpretation, we adopt an-
other set of dynamic variables:
xei = 〈rˆi〉 −R0i = xi −
1
eB
zˆ × pi, (45)
xφi ≡ xi, (46)
which are positions of the electron and the bundle of the
quantum vortices, respectively. Note that the position
of a composite particle is assigned to the position of the
quantum vortices in Eq. (26).
The equation of motion with respect to the new dy-
namic variables is:[
e∆Be(q)zˆ× 0
0 −eBzˆ×
] [
x˙φ(q)
x˙e(q)
]
= D′(q)
[
xφ(q)
xe(q)
]
,
(47)
where D′(q) is the corresponding dynamic matrix, which
can be related to DP (q) by a transformation.
It is notable from Eq. (47) that the electron in a CP
is only coupled to the external magnetic field, while the
quantum vortices are only coupled to the emergent gauge
field [58]. Although not explicitly specified in the origi-
nal proposal [47], the simple form of the coupling could
have been expected from the microscopic wave function
Eq. (5), in which the correlations introduced in the Bijl-
Jastrow factor are between coordinates of quantum vor-
tices.
It also becomes apparent that our dynamics is consis-
tent with Kohn’s theorem. In the long wavelength limit
q → 0, both D′(q) and ∆Be(q) vanish because of the
translational symmetry. As a result, the degrees of free-
dom associating with xφ become degenerate. The system
will only have a trivial zero frequency mode, and no emer-
gent mode will be present. The behavior is exactly what
would be expected from Kohn’s theorem, because the
cyclotron mode, which is the only allowed resonance at
q = 0 according to the theorem, is an inter-Landau level
excitation, and will not appear in our dynamics which has
assumed that all excitations are within a Landau level.
From these observations, it becomes apparent that the
presence of the Berry curvature in the momentum space
would be an inevitable feature of the CP dynamics if
we wanted to obtain the particular form of the dipole
picture or maintain the consistency with Kohn’s theo-
rem. Had we assumed a vanishing Berry curvature in
Eq. (26), Eq. (47) would have a different form of the
coupling to gauge fields, and its right hand side would
not become degenerate to be consistent with Kohn’s the-
orem. The presence of the Berry curvature is actually
the most important difference between the conventional
Chern-Simons theory of CPs [4, 51], which is constructed
from particles residing in a free parabolic band [5, 40],
and a theory directly derived from a microscopic wave
function defined in a Landau level.
C. Definition of the CP position
In the position-momentum interpretation of the dy-
namics, there is arbitrariness in defining the position of a
CP. In Eq. (26), the position of a CP is interpreted as the
position of its constituent quantum vortices. It seems to
be equally plausible to interpret the CP position as the
electron position (or, e.g., the average position of the
8electron and the quantum vortices). The issue is: will a
different choice affect our interpretation of the dynamics?
To see that, we derive the equation of motion with
respect to {xe(q),p(q)}. By substituting Eq. (45) into
Eq. (26), it is straightforward to obtain:
[
eBe(q)zˆ× ∆Be(q)B I
−∆Be(q)B I − 1eB
(
∆Be(q)
B
)
zˆ×
] [
x˙e(q)
p˙(q)
]
= −D′′(q)
[
xe(q)
p(q)
]
, (48)
where D′′(q) is the transformed dynamic matrix with
respect to the new dynamic variables.
We observe that the equation of motion becomes more
complicated. It still fits in with the general form of the
Sundaram-Niu dynamics, but with a complicated struc-
ture of Berry curvatures [41]. Similar complexity also
arises when one adopts other definitions of the CP po-
sition. It turns out that the initial definition of the CP
position provides the simplest form of equation of mo-
tion.
We conclude that alternative definitions of the CP
position will not affect our general interpretation, i.e.,
CPs follow the Sundaram-Niu dynamics. The particular
choice adopted in Eq. (26) is the best because it has the
simplest structure of Berry curvatures.
IV. NUMERICAL SIMULATIONS
A. Methods
We employ the Metropolis Monte-Carlo method to
evaluate the coefficients defined in Eqs. (9, 20–22). The
algorithm and setup of our simulations are similar to
those adopted in Ref. [8], with a couple of improvements
detailed as follows.
Firstly, our calculation employs a much larger simu-
lation cell which involves 397 electrons arranged as 11
concentric hexagonal rings in a plane, as shown in the
inset of Fig. (1). The larger simulation cell is needed to
eliminate finite size effects as the coefficients decay slowly
in the real space.
Secondly, we use a different wave function for the finite
simulation cell, and eliminate the need for introducing
“ghost” particles explicitly. As pointed out in Ref. [8],
for a finite lattice in equilibrium (Ri = R0i , and ki = 0),
the average positions of electrons do not coincide with
their expected equilibrium positions due to asymmetry
induced by the Bijl-Jastrow factor. As a result, it is nec-
essary to introduce a cloud of “ghost particles” for each of
electrons to counter balance the effect. In Ref. [8], finite
size ghost-particle clouds were introduced. In our simu-
lation, we extend the size of the ghost particle clouds to
infinity. The resulting wave function can be determined
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Figure 1. Variational ground state energies of CPWCs rel-
ative to that of the ordinary WC. Red points indicate the
results of Ref. [8]. The phase boundaries between CPWC
phases with different values of m are determined by compar-
ing the energies, and indicated by dashed vertical lines. Inset:
configuration of the simulation cell.
analytically:
Ψ ({ri}) ∝ A
∏
i<j≤N (zi + ikil
2
B − zj − ikj l2B)m∏
i≤N
∏
j 6=i,≤N
(
zi + ikj l2B − Z0j
)m
×
N∏
i=1
[
ψ(zi − Z0i + ikil2B)
]m
φRi(ri), (49)
where Z0i ≡ X0i + iY 0i (R0i ≡ (X0i , Y 0i )), N is the total
number of electrons in the simulation cell, and [37],
ψ(z) ≡
∏
i6=0
(
z − Z0i
)∏
i 6=0 (Z
0
i )
∝ 1
z
θ1
(
z
a
∣∣∣ 1
2
+ i
√
3
2
)
, (50)
where a is the lattice constant of the WC, the product is
extended to an infinite triangular lattice with unit vectors
a1 = (1, 0)a and a2 = (1/2,
√
3/2)a, and θ1 is the Jacobi
theta function. Equation (49) is used in our numerical
simulations.
An important issue of our simulation is to extrapolate
the calculation results obtained in a finite simulation cell
to the macroscopic limit. To this end, we find that Afinite0 ,
coefficient defined in Eq. (15) calculated with a harmonic
approximation of the wave function for the finite simu-
lation cell (See Eq. (B3) in Appendix B), fits the long-
range tail of the calculated coefficient very well. Hence,
we divide the coefficient into a long range part Afinite0
and a short range part that decays rapidly with the dis-
tance, and fit the short range part up to the fifth nearest
9neighbors. The extrapolation is then straightforward by
upgrading Afinite0 to its infinite lattice counterpart, which
can be determined analytically.
Similar extrapolation schemes are applied for the de-
terminations of the coefficients Eq. (20–22). We can have
harmonic approximation for these coefficients as well (see
Eq. (B5) in Appendix B). They are regarded as the long
range parts of the coefficients. In this case, the remain-
ders of the coefficients decays as 1/|R0i −R0j |5 in the long
range. We fit the remainders of Dxx and Dpx with short
range terms up to the fifth nearest neighbors, whereas
for Dpp, the higher precision of the calculated values al-
lows us to fit it with a 1/|R0i −R0j |5 term plus the short
range terms. We note that using the short-range terms
to fit the remainders may yield an incorrect asymptotic
behavior in the long wavelength limit. It makes our de-
termination of the dynamic matrix less reliable in the
regime.
Figure 1 shows the variational ground state energies
determined from our simulations, and a comparison with
the results presented in Ref. [8]. In our simulations, each
of Markov chains contains a total 5.6 × 1012 proposal
states with an acceptance rate ∼ 25%. They yield es-
sentially identical results as the old simulations (within
the error bars of the old simulations) albeit with much
improved precision.
B. Results
Figure 2 shows the emergent gauge field ∆Be. The
distribution of the emergent field in the Brillouin zone
is shown in Fig. 2(a). It peaks at the K-point and van-
ishes at the Γ-point. In the real space, the dissipationless
viscosity coefficient decays rapidly with the distance, as
shown in Fig. 2(b).
The strength of the emergent gauge field is character-
ized either by the value of ∆Be(q) at the K-point or
the mean-field value ∆B defined in Eq. (44). Both are
shown in Fig. 2(c). The magnitude of the emergent field
is ranged from a few percents to tens percents of the ex-
ternal magnetic field, and is an increasing function of the
filling factor for a given value of m. The magnitude is
smaller than that expected for a FQH liquid, which has
a mean-field value ∆BFQH/B = mν. It indicates the
mean-field approximation adopted for the theory of FQH
liquids is not applicable for the CPWCs. On the other
hand, the magnitude is actually gigantic in comparing
with that generated by an intrinsic SOC. For instance,
the intrinsic SOC in GaAs could also give rise to a similar
emergent gauge field in an ordinary 2D WC. However, its
magnitude is of order of ∼ 0.01 T only [59].
The phonon dispersions of type-I CPWCs are obtained
by solving the generalized eigenvalue equation Eq. (28).
The results are summarized in Fig. 3. Among the two
branches of phonons of a CPWC, the lower branch is
not much different from that of an ordinary WC, both
qualitatively and quantitatively [32–34], whereas the up-
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Figure 2. Emergent gauge field. (a) Distribution of the emer-
gent gauge field in the Brillouin zone for four representative
filling factors (see legends in (b)) with different values of m;
(b) Decay of the dissipationless viscosity coefficient ∆Be(R0i )
in the real space. R denotes the distance between two par-
ticles, and a is the lattice constant; (c) Filling factor ν de-
pendence of the emergent gauge field at the K-point of the
Brillouin zone (circle-solid line) and the mean-field value ∆B
defined in (44) (triangle-dashed line ).
per branch is an emergent mode with an energy scale
∼ 0.5ν3/2e2/lB , which is much smaller than the cy-
clotron energy. The upper branch has similar origin and
energy scale as the magneto-roton mode arisen in FQH
liquids [36]. We thus interpret the mode as the magneto-
roton mode of the CPWC.
We also calculate the oscillator strength of the emer-
gent magneto-roton mode. To do that, we determine the
response of the system to an external time-dependent
electric field E(t) = Eω exp(−iωt). Because the exter-
nal electric field is only coupled to the electron degree of
freedom (see Sec. III B), it will introduce a scale poten-
tial eE(t) · xe ≡ eE(t) · (x− zˆ × p/eB) into the system.
The extra term in the potential could be interpreted as a
coupling to the dipole of a CP. As a result, the equation
of motion has the form:[
eBe(q)zˆ× I
−I 1eB zˆ×
] [
x˙(q)
p˙(q)
]
= −D(q)
[
x(q)
p(q)
]
+
[ −eE(t)
E(t)× zˆ/B
]
. (51)
By solving the equation, we can determine the displace-
ment of electrons parallel to the electric field, and the
oscillator strength fqi is defined by the relation [60]
x
‖
e(q) = −e/mb
∑
i fqi/(ω
2
qi − ω2 − iω0+)Eω, where mb
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Figure 3. Phonon dispersions of type-I CPWCs. (a–d)
Phonon dispersions for a few representative filling factors.
Both results using the projected dynamic matrix (solid lines)
and the unprojected one (dotted lines) are shown. (e) Filling
factor ν dependence of phonon energies of the upper (U) and
the lower (L) branch at high symmetry points of the Brillouin
zone, including K point, M point, as well as Γ point (eval-
uated at q = 0.01K). e2/l (≈ 4.3√B[T] meV for GaAs) is
the Coulomb energy scale. Error bars for the phonon energies
near the Γ-point are shown.
is the electron band mass of the 2DEG. The oscillator
strength for the emergent magneto-roton mode is shown
in Fig. 4. We see that it vanishes at the limit q → 0,
consistent with Kohn’s theorem.
The mode we predict here has an energy scale ∼
0.5ν3/2e2/lB . For typical experimental parameters, the
energy is much larger than that probed by existing mi-
crowave experiments [16–24], which are focused on the
disorder pining modes. Our prediction thus calls for new
microwave experiments to probe the new energy regime.
V. CONCLUDING REMARKS
In summary, we have derived the effective dynamics
of CPs in a CPWC directly from the microscopic wave
function. We find, most notably, the presence of a Berry
curvature in the momentum space. The picture emerged
from the dynamics is different from the conventional CF
theory which assumes that CPs behave just like an or-
dinary Newtonian particle. On the other hand, we show
that the dynamics is consistent with the dipole picture of
CPs, and the presence of the Berry curvature is actually
an inevitable consequence of the picture. The consistency
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Figure 4. Oscillator strength of the emergent magneto-roton
mode for a few representative filling factors, in unit of ωq/ωc,
where ωq is the frequency of the mode, and ωc is the cyclotron
frequency.
is not a coincidence, since both are based on microscopic
wave functions.
Although our theory is developed for the CPWC phase,
the insight may be carried over to the liquid phase. In
particular, the presence of the Berry curvature would pro-
vide a cure for deficiencies of the conventional CF the-
ory [57]. The solution is less radical and would be more
natural compared to that prescribed by the Dirac the-
ory [45].
Our study reveals the discrepancy between the con-
ventional interpretation of CPs and that emerged from a
microscopic wave function. This is not surprising be-
cause the conventional picture was developed from a
flux-attachment argument for free particles residing in
a parabolic band [40], while the microscopic wave func-
tions are constructed for electrons constrained in a Lan-
dau level. For the latter, it would be highly desirable to
have a CF theory which makes no direct reference to the
magnetic field, since in a Landau level all the effects of
the magnetic field has been accounted for by the Berry
curvature. Indeed, in our dynamics, all the references to
the magnetic field eB could be interpreted as 1/Ωz. Such
a theory would also be a first step toward an understand-
ing of the fractional Chern insulators [61].
ACKNOWLEDGMENTS
This work is supported by National Basic Re-
search Program of China (973 Program) Grant No.
2015CB921101 and National Science Foundation of
China Grant No. 11325416.
11
Appendix A: Dynamic matrix
To derive the formulas for the dynamic matrix coeffi-
cients (20–22), we make use identities:
∂Vee
∂xiα
=
∂Vee
∂ujβ
[
A−1
]
jβ,iα
, (A1)
∂Vee
∂piα
=
1
~
(
∂
∂kiα
− l2Bαβ
∂
∂uiβ
)
Vee, (A2)
∂ |Ψ|2
∂uiα
=
riα −Riα
l2B
|Ψ|2 , (A3)
∂ |Ψ|2
∂piα
=
1
~
(
∂
∂kiα
− l2Bαβ
∂
∂uiβ
)
|Ψ|2 = l
2
B
~
αβ
∂ |Ψ|2
∂riβ
.
(A4)
In deriving the last identity, we make use Eq. (10). We
obtain:
∂Vee
∂xiα
=
1
l2B
〈(
Vˆee − V¯ee
)
(rˆjβ −Rjβ)
〉 [
A−1
]
jβ,iα
,
(A5)
∂Vee
∂piα
= − l
2
B
~
αβ
〈
∂Vˆee
∂riβ
〉
. (A6)
Applying the second derivative, and making use the
identities again, we obtain Eqs. (20–22).
Appendix B: Harmonic approximations of the
coefficients
A rudimentary approximation for evaluating the coef-
ficients is the harmonic approximation. We define the
harmonic approximation of the wave function as:
|Ψ0|2 ∝ exp
2m∑
i<j
ln |ri − rj |2 − 1
2l2B
∑
i
∣∣ri −R0i ∣∣2

≈ exp
−1
2
∑
ij,αβ
Fαβ(R
0
i −R0j )ξiαξjβ
 , (B1)
where
Fαβ(R
0
i ) =

1
l2B
δαβ R
0
i = 0
−2m 2R
0
iαR
0
iβ−|R0i |2δαβ
|R0i |4 R
0
i 6= 0
. (B2)
Under the approximation, the coefficient A defined in
Eq. (15) is related to F by a matrix inversion:
A ≈ A0 ≡ 1
l2B
F−1. (B3)
The coefficient Fαβ(R0i ) satisfies an identity:
∑
α
Fαα(R
0
i ) =
2
l2B
δR0i ,0. (B4)
It leads to a vanishing emergent gauge field.
To evaluate the dynamic matrix, we first expand the
electron-electron interaction operator Vˆee to the sec-
ond order of ξˆi. With the approximated wave function
Eq. (B1), the coefficients (20–22) become Gaussian in-
tegrals. We obtain the harmonic approximation of the
dynamic matrix:
D0(q) =
[
D0(q)
l2B
~ D0(q)ˆ
− l2B~ ˆD0(q) − l
4
B
~2 ˆD0(q)ˆ
]
, (B5)
where D0(q) is the 2× 2 classical dynamic matrix of the
WC.
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